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Preface

For reasons I do not specifically recall, I first drafted this doc-
ument in 2011. My interest did not last long enough for me to
fill all gaps. During the coronavirus pandemic of 2020, again
for unremembered reasons, I returned to the work and brought
it to what seemed like a reasonable completion.
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1 Introduction

The regular polytopes are the generalizations to arbitrary di-
mension of the regular polygons and the regular polyhedra.
The latter are the five so-called Platonic solids. Among them,
the tetrahedron, cube, and octahedron have versions in ev-
ery dimension; the icosahedron and dodecahedron, only in the
fourth dimension. There is one other regular polytope, also in
the fourth dimension, and that is all.

We shall construct all of the regular polytopes by giving
coordinates for their vertices in the appropriate space R™. For
notational convenience,

n={i:i<n}={0,...,n—1};

in particular, n is a set with n elements. The same element of
R™ can be written as any of

a, (ag, .-y an_1), (a®,...,a"").

Proving that some points are the vertices of a regular polytope
is ultimately a matter of showing that
e certain sets of them are coplanar;
e the distances between certain pairs of them are all the
same.
A plane in R" is defined by an equation

Z a;zt = b,

<n



1 Introduction

where @ # 0. In R", the distance |a| between a and 0 is

\/Z CLZ‘2.

<n

Proofs involving a fourth or higher dimension do not require us
to have intuition for that dimension. Nonetheless, the appeal
of the mathematics of that dimension may be the possibility
of developing an intuition for it.

That there are no more regular polytopes than the ones that
we shall construct is shown by a generalization of Euclid’s
proof, at the end of the Flements, that there are no more
regular polyhedra than the known five.



2 Polytopes

If some finite number of points in some R™ compose a set A,
we let

H(A) = {Zt%: /\Ogt“”/\Zt“”:l}.

xreA xrEA xrEA

Here the superscripts are indices; for I am trying to use a
version of “Einstein notation,” as described in the Wikipedia
article of that name. If one wants indices to be numbers, then
one can understand A as the range of a fuction ¢ — a; from
some set m, that is, {0,...,m — 1}, into R", and then one can
write

H(A) = {Ztiai: /\ogti/\Ztizl}.

<m <m <m

In any case, H (A) is the set of convex combinations of elements
of A and is therefore the convex hull of A. As the convex hull
of some finite set, H (A) is a polytope. All of this terminology
is found in Rockafellar, Conver Analysis |6, pp. 11—=2].
Rockafellar defines also wverter, but in a more specialized
sense than I propose to give. Let us say that the elements
of A are vertices of H(A) and that they span H(A). In this
sense, H (A) need not determine its vertices, any more than a
group need determine its generators. However, a polytope has



2 Polytopes

Table 2.1: Some families of polytopes

The polytope called is the convex hull of

(n — 1)-simplex {er: k €n}

n-orthoplex {(=1)'ex: (i,k) € 2 x n}

n-cube {Zek: Xgn}
keX

a unique minimal spanning set: this may be intuitively clear,
but in any case we shall give a proof. The elements of that
unique minimal spanning set are vertices in the strictest sense.

Some standard examples of polytopes and their vertices are
assembled in Table 2.1, where

. .1, ifi=k,
er, = (e,: 1 < n), e, = 0. ifidtk

so that (ex: k < n) is the standard basis of R™ as a vector
space. The notation does not specify n. The given spanning
sets are minimal and have certain symmetries. The 3-simplex
is the tetrahedron; the 3-orthoplex, the octahedron; the 3-
cube, the cube. These are three of the Platonic solids, the
others being the icosahedron and the dodecahedron; we shall
look at those later.

Two polytopes are equivalent if one of them is isometric
to a dilatation of the other. We generally identify equivalent
polytopes.

A polytope is n-dimensional, or is an n-polytope, if it is
equivalent to a polytope in R™, but not R*~!. Thus

e a O-polytope is a singleton;

10



a 1-polytope is a line segment;

a 2-polytope is a polygon;

a 3-polytope is a polyhedron;

a 4-polytope is a polychoron.*

The n-simplex, -orthoplex, and -cube are n-polytopes.

*Wikipedia (accessed March 11, 2010) attributes the name polychoron
to Norman Johnson (a student of Coxeter) and George Olshevski.
The Greek source for the latter half of the name is apparently not
xopos ‘dance, chorus,” but y@pos or ywpa ‘place.” The last word, in
the sense of ‘place in the country,” was the name of the Chora Church,
outside the walls of what was then Constantinople. The church was
made a mosque after the Ottoman conquest, then a museum under
the Turkish Republic; it was reverted to a mosque in 2020.

11



3 Simplices

We may prefer to define the n-simplex, not in R**!, but in R”.
We give it the vertices aq, . . . , a,, as defined in two cases.*

3.1 Even dimensions

When n = 2m, we let

2mi(k + 1 C 2mi(k+1
a; = Z (cos ¥egk -+ sin %egkﬂ) .

= n+1 n-+1

Since
(cosa — cos 3)% + (sina — sin B)? = 2 — 2 cos(a — ),

we have, if 1 # j,

2n(i — j)(k +1)
2
la; —a;|” =n— E 2 cos i :

k<m
Moreover, cosa = cos(27 — «) generally, and in particular

oreli o
o =)k +1) - 2n(i — j)(n k))
n+1 n+1

*The idea for the realization developed here comes from the Wikipedia
article “Simplex,” which, however, until I corrected it on September
30, 2020, gave the vertices of the 3-simplex with +1 in place of £1/4/2.

12



3.2 Odd dimensions

so that

we conclude
2
|ai—aj| :n+1

3.2 Odd dimensions

When n = 2m + 1, we let

mi(k + 1 Comlk+1
a; = Z (COS %egk -+ sin %eyﬁl)
(=1)

\/2 €.

So that computations as in the even case will go through, we
may think

k<m

+

(—1)'ey,, = cos(7ti)ey,, + sin(mi)e,,

13



3 Simplices

though we assign no value to e,. Again if i # j,

(i —j)(k+1) o
i — 205 — 77 —
la ]sz 0 o cos(( j))
(1—7)(k+1)
=n ]Kzncos 1
=n+1.
3.3 Examples

1. In R the 1-simplex has vertices \/2/2 and —+/2/2, which
are /2 from one another.
2. In R? the 2-simplex has vertices

wo. (%),

which are /3 from one another.
3. In R? the 3-simplex has vertices

(1,0, %) : (0, 1, _ﬂ)
(—1,0,%) , (0 —1, _;2) ,

which are 2 from one another.

(37

14



3.3 Examples

4. In R* the 4-simplex has vertices

(1,0,1,0),

2t . 21 47t
cos —, sin —, cos —
’ 57 5

>

(
( 4t 4w 87t
(

, sin

COSF,SIHE,COSE,SIH
6t . 67 2,
COS —, 81l —, COS ——, SII

) ) )

8t . 81 67T .
COS —, Sl —, COS —, SIn
5 5 5

MENE N ERE

which are /5 from one another.

15



4 Convex sets

We examine the properties of the operation of forming convex
hulls. We don’t necessarily need to know these properties, de-
pending on how much we want to be true of regular polytopes
by definition.

For finite sets A and B of points of R", it is immediate from
the definition of a convex hull that

ACB = H(A) CH(B).

Now we can define the convex hull of an arbitrary set of points
in R™: it is the union of the convex hulls of the finite subsets.
Thus

H(A) = {HX): X CAA[X] < w}. (4.1)

A convex set is the convex hull of some set. If A is given as
{...}, then we can write H (A) as

Lemma 1. For all a in R",
H(a) = {a}.

Proof. Immediate from the definition of the convex hull of a
finite set. 0J

Lemma 2. For all subsets A of R,

ACH(A).

16



Proof. For every bin A, by Lemma 1 and the definition (4.1),
{b} =H(b), H(b) CH(A). O
Lemma 3. For all subsets A and B of R™,
ACB = H(A) CH(B).
Proof. Immediate from the definition (4.1). O
Lemma 4. For all subsets A of R,
H(H(A)=H(A).

Proof. We may assume A is finite. Suppose B is a finite subset
of H(A), and ¢ € H(B). Then

c= Z tYy
yeB
for some tY, where
At =0, =1
yeB yeB
For each b in B,
b= Z SpT

zeA
for some sy, where

Asf}O, Zsle.

xrEA xrEA
Then
c= Ztst‘;ja: = ZZtys‘;a:,
yeB x€A xcA yeB
DY wsp=> ") =1
rcAyeB yeB x€A
Thus ¢ € H(A). O

17



4 Convex sets

Theorem 1. The convex sets are precisely the sets that are the
convex hulls of themselves.

Proof. 1. If A=H(A), then A = H(B) for some B, so A
Is a convex set.

2. Conversely, if A is a convex set, so that A = H(B) for
some B, then by Lemma 4,

H(A)=H(H(B))=H(B) = A. O

By Lemmas 2, 3, and 4, whereby the function X — H (X)
is extensive, monotone, and idempotent, the function is by
definition a closure operator or hull operator. By Lemma 1

in addition, it would be the closure map of a geometry, if it
satisfied the exchange property, namely

ccHAU{b})Nc¢H(A) = beH(AU{c}).
It has instead the anti-exchange property, namely
cceHAU{b}))ANec¢H(A)U{b} — b¢ H(AU{c}),
which will follow from Lemma 7 below.*

Lemma 5. For all ¢ and A and B,

ce H(AUB) N H(A)
— Jz (x e H(B)Ace H(AU {z})).

*The terminology in this paragraph is found in the Wikipedia articles
“Closure operator,” “Pregeometry (model theory),” and “Antimatroid,”
accessed September 28, 2020. The definitions of anti-exchange in the
first and last of these articles were wrong until I corrected them.

18



Proof. We may assume AN B = &. We have
c= Z t*x
x€AUB
for some t*, where

N =0, > o=l

xcAUB rcAUB

t:Zt‘"c.

xeB

Then t # 0, since ¢ ¢ H (A). Consequently

We let

ZgwEH(B), c:thw—l—tZ?w.

xeB xrEA xEB

Lemma 6. Ifc € H(a,b), then
H(a,b) =H(a,c)UH(e,b).
Proof. We have

c=(1—-t)a+tb, 0

N
N
\'H

for some t. Suppose d € H (a,b). Then

d=(1—u)a+ ub, 0<u<l1

O

for some u. We may assume 0 < u <t < 1. Thend € H(a, ¢),

since

d:(l—u)a—i-%(c—(l—t)a): (1—9>a+9c.

t t

O

19



4 Convex sets

Lemma 7. If
b¢ H(A), H(AU{b}) =H(AU{c}),

then
b=c.

Proof. Under the hypothesis,

b:Zs“”a:—l—sc, c:Ztmw+tb

xrEA xrEA

for some s*, s, t*, and t such that

N Z0A20)As>0At20,

xcA
Zsm+s:1Ath+t:1.
xrcA xzcA

Then
b= Z(sa + st%)a + stb.

Ifst=1,thens=1=1t,s0s*=0=1%and b =c. This is
the only possibility, since if st < 1, then

s® + st@
b=
Z 1 — st 1o ®

where

Zs"’+st“_ I—s+s(1—-1t) 1
1—st 1— st -

so that b € H(A). O

Theorem 2. If a convex set has a minimal spanning set, this
1S unique.

20



Proof. Suppose

e AU{c} is a minimal spanning set for H (A U {c}),

e cé¢ A,

e BCH(AU{c}),

e c¢ B.
We show that B does not span H (AU {c}). It is enough to
show that, for all m, for all subsets {b;: i < m} of B,

c¢ H(AU{b;: i <m}).

This is true by hypothesis when m = 0. If it is true for some
k when m = k, then it is true when m = k + 1, by Lemma
7. 0

Theorem 3. The intersection of a polytope and an affine sub-
space of R™ is a polytope of R™.

Proof. Let the polytope be K; the affine subspace, A. By
Lemmas 2 and 3,

KNACH(KNA) CH(K)NH(A)=KnNA,

so K N A is a convex hull. To continue, since we can repeat
the result as needed, we may assume A is a hyperplane. Let
V be the set of vertices of K that are in A; W, not in A. If a
and b are in W, then H (a, b) N A contains at most one point.
Let X be the set of all such points. We show

KNA=H(VUX).
Say

W'U{a,b} CW,
H(a,b)N A= {c},
de H(VUW'U{a,b}).

21



4 Convex sets

In particular, ¢ € X. By Lemma 5, there is e in H (a, b) such
that
de HVuWw'u{e}).

By Lemma 6, we may now assume e € H (a, ¢), and then
deHVUXUW'U{a}).
By repeating, we may assume
deH(VUXU/{a)).

By Lemma 7, if also d € A, then d € H(V U X). O

22



5 Vertices and cells

Having a finite spanning set, every polytope has a minimal
spanning set. By Theorem 2, this set is unique. Its elements
are the vertices of the polytope, in the strict sense mentioned
on page 10.

A cell (also called a facet) of an n-polytope K, in R" is the
intersection of the polytope with an affine hyperplane of R”,
provided

e this intersection is an (n — 1)-polytope,
e the original polytope K, lies on one side of the hyper-
plane.
A sequence (K,,...,K)) is a flag of K, if each K; ; is a cell
of K;. In this case, K> is a face of K,,, and K is an edge.

For example, for every permutation 7 of n, we obtain a flag

(Ky_1,...,Kp) in R" by defining

Kj =H (er0),---»ex()) »

which is a j-simplex, when j < n.
Now we make an adjustment, letting also o € {£1}", then
defining
Kj =H (O'Oeﬂ(o), c. ,O'jeﬂ-(j)) s

again a j-simplex, when j < n. If we also define
K,=H((-1)e;: (i,j) €2xn),

the n-orthoplex, we have a flag (K, ..., Ko).

23



5 Vertices and cells

We obtain a flag of the n-cube by defining

K;=H (Zeﬂ@: ng>,

1€X

which is a j-cube. Here Ky = {0}, but by symmetry we could
start with any vertex. Indeed, centering the n-cube at the
origin, letting o € {£1}", we can define

Kj:H<ZTie,r(i):T€2”/\T[n—jza[n—j).

<n

Suppose v is a vertex of an arbitrary n-polytope K,,, where
n > 0, and X is the set of midpoints of the edges of K, that
contain v. If H(X) is an (n — 1)-polytope, then it is called a
vertex figure of K, at v.

Thus the vertex figure of
the n-simplex is an (n — 1)-simplex;
the n-orthoplex is an (n — 1)-orthoplex;
the n-cube is an (n — 1)-simplex;
icosahedron is the pentagon;
dodecahedron is the 2-simplex or triangle.

24



6 Regular polytopes

Every 0- and 1-polytope is regular, vacuously.
The regular 2-polytopes are the reqular polygons in the usual
sense. When p > 2, the regular p-gon is the convex hull in R?

of the points
( 2k 27'ck>
cos —,sin — | ,
p p

where k£ < p.
The simplices, orthoplices, and cubes satisfy the following
recursive definition of a regular n-polytope when n > 2:
1) each of its cells is regular,
2) the cells are isometric to each other,
3) at each vertex, there is a vertex figure,
4) each vertex figures is regular,
5) the vertex figures are isometric to each other.
6) the vertex figures of the cells are just the cells of the
vertex figures,
7) there is a point—the center—from which all vertices are
equidistant.
Some of these conditions may be redundant. In any case, the
regular Platonic solids meet the conditions.
We can now denote regular polytopes (other than 0- and
1-polytopes) by Schlifli symbols as follows. The regular p-gon
is denoted by

{pr}-

25



6 Regular polytopes

Table 6.1: Some Schlafli symbols
The polytope called has the Schlafli symbol

simplex {3,...,3}
orthoplex {3,...,3,4}
cube {4,3,...,3}
icosahedron {3,5}
dodecahedron {5,3}

If n > 3, a regular n-polytope is denoted by

{ph s 7pn—1}7
provided
e the cells are {p1,...,pn_2},
e the vertex figures are {ps,...,pn_1}

Then the faces of {p, ...} are p-gons. The Schléfli symbols for
the polytopes in Table 2.1 are as in Table 6.1.

26



7 Schlafli's criterion

Letting K, be a regular n-polytope, we write its Schlafli sym-
bol as {pn_1,...,p1}. We want to know the possibilities for
the p,,. To this end, we consider successive vertex figures. If
m < n, let K, denote {p,,_1,...,p1}. Then K, is the vertex
figure of K,,,1. We define A,, recursively by

Lo T
A =1, Ay = sin® —,

P (7.1)
Api1 = Ay — Ay cos® —.
Pm

We shall prove A, > 0 by considering in K, a triangle
OMYV as in Figure 7.1, where

e O is the center,

e M is the midpoint of an edge,

e V is an endpoint of that edge.
We define

VO =R, VM =14, LMOV = ¢p,.
Here ¢,, is the central angle of K, ;.

Theorem 4 (Schléfli’s Criterion). For every regular polytope
{pnfla s 7p1}7

27



7 Schléfli’s criterion

Pm
O M

Figure 7.1: Parameters of K,,.; and vertex figure

Proof. Since Ay = 1, it is enough now to show

sin? p,_1 =

Am—l
when m > 1. By definition,

Am—l—l o
Ap A, Pm

so it is enough to show

cos® (7¢/Pm)
sin? Qp,_1

sin? ¢, = 1 . (7.2)
From OMYV as in Figure 7.1,
by = Ry, sin @y,

We are going to use this in the form

b1 = Ryp_18in @y, 1.

28



[not O]

Figure 7.2: A face of K11

We shall eliminate R,,_; by noting that K, ; has a vertex
figure with vertex M and center U on OV, to which then UM
is orthogonal as in Figure 7.1. Thus

R, = {,, cospp,
and therefore
U1 = Ly SIN Q1 COS Oy,

There are two edges of K,,,; sharing V as an endpoint that
are sides of a p,,-gon, as in Figure 7.2; moreover, the midpoints
of these edges are the endpoints of an edge of K,,; this yields

s
by = £, cos —.
Pm
Therefore -
Sin (P, 1 COS P, = COS —.
Pm
This yields (7.2) by the Pythagorean Identity. O

29



8 The regular polyhedra

We compute from (7.1) in particular

L, T s
Ay = sin? — — cos® —,
P P2

which by Theorem 4 yields the equivalent conditions

Tt ) ¢
Ccos — < sin —,
b2 P1

) (7‘[ 71) T
sin | — —— | <sin—,
2 D2 D1

1 1 1

2 m D2

Hence the Schléfli symbol of a regular polyhedron must be one
of

{3,3}, {3,4}, {4,3}, {3,5}, {5,3}.

Moreover, such polyhedra do exist. Indeed, the first three are
the 3-simplex (that is, the tetrahedron), the 3-orthoplex (the
octahedron), and the 3-cube (the cube). The last two are the
icosahedron and the dodecahedron, which can be defined in
terms of the golden ratio.

30



8.1 Golden ratio

8.1 Golden ratio

The golden ratio, denoted by @, is determined by two condi-
tions,

1
P > 07 o=——7
@—1
so that also
0’ =p+1 (8.1)
and hence
1445
— 5
In general, from (8.1),
(anrl = Fn+1(p + Fna
where
Fo =0, F =1, Foyo=Fop + By

The F,, are the Fibonacci numbers. Some particular powers of
@ are in Table 8.1.
8.2 Icosahedron
A typical vertex of the regular icosahedron is
(9,1,0).

The entries can be evenly permuted, and the sign of any entry
can change; that makes the 12 vertices shown in Figure 8.1.
We can write the vertices generally as

31



8 The regular polyhedra

Table 8.1: Powers of the golden ratio

n
0
1 o @ —1
2 eo+1 —@p+2
3 204+1 20-3
4 3p+2 —3p—+5

oope; +oiej o € {E1YP NI € Z/(3).

The triangular faces fall into two families. In one family, the
triangles have vertices of the form

(¢,1,0), (0, ¢, 1), (0,9, -1);
such triangles are equilateral, since

P+ (-1 4+1=2¢@*—@+1)=4=2%
In the other family, the triangles have vertices of the form

(@7170)7 (07(p71>7 (1707 q’))?

so they are equilateral by symmetry. They also share sides
with the first family, so all of the faces of the icosahedron are
isometric.

We may also write (0pe;,01€;11,02€;12) as (a,b,c), and
then (@a, @b, @c) as (A, B,C). Then the two families of

32



8.2 Icosahedron

(_(P, 17 O)

.. (07 P, _1)

Figure 8.1: Icosahedron

faces have vertices

A +b, B + ¢, B —c
and

A+D, B +c, C+a,

and the 12 vertices fit the icosahedron as in Figure 8.2. We still
have to confirm that the vertex figures are regular pentagons.
Perhaps this is intuitively clear, but for a proof, we need only
check that the points

((97170)7 (07(97_1)7 (—(p,l,()), (_1707(9)7 (1,0,(9>

33



8 The regular polyhedra

-B+ec

TN —A 4 b

—C+a
Figure 8.2: Icosahedron

are the vertices of a regular pentagon. We already know that
each is the same distance from the next. For them to be copla-
nar, it is enough that, in R?, the points

((pa_l)a (170)7 (0,@)
be collinear; and they are, since @ —1 = @~!. Finally, the first
of the five points is a distance 2¢ from both the third and the
fourth, since

(@+ 12 +1+ @*=2(0* + @ +1) = 40*%

and the second is the same distance from the fourth.

34



8.3 Dodecahedron

(_17_171) (_@_1707@)

(07,0, —9)  (1,1,-1)

Figure 8.3: Dodecahedron

8.3 Dodecahedron

The vertices of the dodecahedron can be the centers of the
faces of the icosahedron. These centers are of the forms

1 1
which are
2 2
%(cp*la,ﬂpb), %(a—l—b—i—c),

Scaling, we obtain the regular dodecahedron that has for ver-
tices the 20 points shown in Figure 8.3, namely

35



8 The regular polyhedra

o0€o + o181 + ey 0 € {1},
—1 . 2 .
oope; + o019 e o€ {1} NieZ/(3).
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9 The regular polychora

We compute next

P ¢ T i ¢ T
Ay = sin? — — cos? — — sin? — cos® —
p1 P2 P1 P3
P SN T
= sin? — sin? — — cos® —,
4! Y2 D2

which yields the condition

A S § 7T
sin — sin — > cos —.
b3 4 D2

We can solve this directly, using the values in Table g.1.

(9-1)

e When p; = p; = 3, then sin(7/ps)sin(mt/p;) = 3/4, so

P2 € {3, 4}

e When p3 = p; = 4, then sin(7/ps) sin(mt/p;) = 1/2, so

p2 can be nothing.
e When {p;,p3} = {3,6}, then

T Tt 3 1
sin — sin — = L < -,
P3P 4 2

S0 py can be nothing.

e When {p1,p3} = {3,5} or {p1,p3} = {3,4}, then

sin —sin — >

6 NG E=E
0.62>%> Tn s VOO VI

Ps D1 8
SO py = 3.
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9 The regular polychora

Table g.1: Sines and cosines

T T 27
P sin — cos — —
p p D
1
3 V3 ~087 = =050 120°
9 9
9 9
4 V2 ~orl Y2 <o oo
9 9
205 — 1
5 V206 = vh) ~ 0.59 + /5 ~ 081 72
1 1
1 V3
6 - —050 Y2 ~087 60°
9 9

We can also understand (9.1) in terms of the dihedral angle
of {ps,pa}. Let A be a vertex of this polyhedron, and let the
corresponding vertex figure {p2} be BCD.... Let E be the
foot of the perpendicular dropped from B to CA (after C'A
is extended if necessary). Then DE is also perpendicular to
C'A, and the dihedral angle of {p3,p2} is BED. Let 0(ps3,p2)
be half this angle. Then

. BD
sin O(p3, p2) = 28R

Let us consider the half-edge of {p3,p2} as a unit. Since the
polygon BAC'... is {ps}, we have

7T Tt T
BE = sin — = 2sin — cos —.
2! P3 P3
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Since also the polygon DAC' ... is {p3}, we have

DC = BC = 2COS£,
p3

and therefore, since the polygon BCD ... is {ps},
BD =2BC cos T 4 cos s cos E.
P2 p3 P2
Putting this all together gives

cos(7/pa)

sin 0(ps, p2) = sin(7t/ps)

Schlafli’s criterion is now

sin(7t/py) > sin0(ps, pa2),

or

27
— > 20(p3, p2);
b1

that is, it must be possible to arrange a number p; of polyhedra
{ps, p2} so as to have a common edge.

To check when this is possible, we need the values in Table
9.2. Therefore the regular polychora are among

{3,3,3} {3,3,4}, {4,3,3}, {3,3,5}, {5,3,3}, {3,4,3};

but existence must be established. The first three of the pos-
sibilities are the 4-simplex, the 4-orthoplex, and the 4-cube.
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9 The regular polychora

Table g.2: Dihedral angles

{p.q} | sinf(p,q) 20(p, q)
{3.3} ? ~ 70.53°
(3,4} ? ~ 109.47°
{4,3} % 90°
{3,5} % A 138°
{5,3} %ﬁm ~ 116°
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10 T he regular 24-cell

We are going to show that {3,4, 3} exists as the convex hull
in R* of 24 points, namely those with just two entries, each of
these being £1. We can write those vertices in several ways:
e as
ooe; +orej: o € {E1PPAi < j <4

(1,1,0,0),

where we allow the entries to be permuted and allow any
entry to change sign;
e as
a—+b,

where each of a and b is a distinct element, or its nega-
tive, of {e;: i < 4}.
We proceed as follows.

1. The polychoron spanned by the given points is bounded
by each of the hyperplanes defined respectively by the 8 equa-
tions

or; =10 {1} Ni<4 (10.1)

and the 16 equations
OoXo + 0121 + 099 + 0313 =2: 0 € {:|:1}4. (10.2)
a) The hyperplane defined by

33'0:1
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10 The regular 24-cell

42

(1,0,0,1)

(1,0,—1,0) (1,-1,0,0)

(1,1,0,0) (1,0,1,0)

(1,0,0,—1)
Figure 10.1: Octahedron in hyperplane zyp =1

intersects the polychoron in the octahedron that is the
convex hull of the 6 points shown in Figure 10.1. Using
any of the equations (10.1), we get the octagon in whose
vertices

e entry i is always o (which is £1);

e just one other entry is nonzero, and this is +1.
We can depict that octagon as in Figure 10.2, where

a = oe;, {b,c,d}:{ej:jell\{i}}.
The hyperplane defined by
To+ T1 + To + T3 =2

intersects the polychoron in the octahedron that is the
convex hull of the 6 points shown in Figure 10.3. Using
any of the equations (10.2), we get the octagon, each of
whose vertices is obtained from (o9, 01, 02, 03) by making



a-+d

a-+b a-+c

a—d

Figure 10.2: Octahedron in hyperplane ox; = 1

(1,0,0,1)

(0,1,0,1) (0,0,1,1)

(1,1,0,0) (1,0,1,0)

(0,1,1,0)

Figure 10.3: Octahedron in hyperplane zo + x1 + x5 + 23 = 2
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10 The regular 24-cell

a+d

b+d c+d

a+b a+c

b+ c

Figure 10.4: Octahedron in hyperplane ), _, o;2; = 2
two entries 0. We can depict that octagon as in Figure
10.4, where

{a,b,c,d} = {aiei: 1< 4}. (10.3)

We have now identified 24 cells of our polychoron. Each of
them is an octagon of edge length /2.

2. Every vertex of the polychoron belongs to 6 of the hy-
perplanes so far mentioned, so it is a common vertex of 6 of
the octahedra. For example, (1,1,0,0) belongs to each of the
hyperplanes defined respectively by

i =1:1<2,
o+ X1+ 0gxe + 0123 =2:0€ {:l:l}2

3. There are 8 vertices at distance /2 from a given ver-
tex, and they are the vertices of a cube, each of whose edges
has length /2. For example, (1,1,0,0) is /2 away from the
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(1 0.0 _1) (1707071)

01,10 |H07L0)
(0,1,0,—1) \ (0,1,0,1)
(0,1,-1,0)

Figure 10.5: Cube with vertices /2 from (1,1,0,0)

vertices of the cube in Figure 10.5. Note that the center of
the cube is (1/2,1/2,0,0), not (1,1,0,0). Alternatively, in
the notation of (10.3) used for Figure 10.4, the point a + b is
equidistant from the vertices of the cube in Figure 10.6.

4. Each vertex of the cube belongs to one of the 6 octahedra
meeting at the given vertex. In fact it belongs to 3 of them,
since, with that given vertex, the vertices of each face of the
cube belong to one of the octahedra. In particular, the octa-
hedra meeting at the given vertex surround it, so that it can
belong to no other cell.

Thus the cells of the polychoron are just the 24 octahedra
that we identified, and there is a vertex figure, namely a cube,
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10 The regular 24-cell

a-+c

a+d

“b+d

Figure 10.6: Cube with vertices 1/2 from a + b

at each vertex. The octahedron being {3,4}; and the cube,
{4, 3}; our polychoron is {3,4,3}. This is called the 24-cell.
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11 [ he regular 600-cell

For {3,3,5}, we take the convex hull of

ooPe o) + o€,y + 029 ey o € {1 AT € Alt(4),
02e;: 0 € {1} Ni <4,

oo€y + o1€) + o9ey + o3ey: o € {1}
We compute the number of these points:
231242442 =2 (12+1+42)=2%-3.5=120.
Typical examples are
(@,1,971,0), (2,0,0,0), (1,1,1,1);

the entries can be permuted evenly, and any entries can change
sign. Alternatively, we may write the typical points as

pa+b+ ¢ e, 2a, a+b+c+d,

again using (10.3), but we must understand that (a, b, ¢, d) is
an even permutation of (cpeg, o1€1,09€9,03e3). We may also
write

e @a, b, oc, and @od as A, B, C, and D;

e o 'a, p7'b, plc,and ¢ 'dasa’, b, ¢, and d'.
Thus @a + b+ @ lcis

A+b+Cc.
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11 The regular 600-cell

pa + @b pa+b+ ¢ e pa + ¢c
A+ B A+b+c A+C

Figure 11.1: Division in the golden ratio

We first look at the 96 points of this form. Each one divides
the segment having endpoints A+ B and A+ C' in the golden
ratio, as depicted in Figure 11.1, since

p=1+¢"

In particular, the three points

(@, ¢,0,0), (@, 1,971,0), (9,0, ¢,0)

demarcate a segment so divided. The divided segments are
the edges of our 24-cell, scaled by @.

When we divide the sides of an octahedron in the golden
ratio, in the right sense for each edge, we obtain an icosahe-
dron, as in Figure 11.2. When the octahedron is scaled by ¢
from that of Figures 10.1 and 10.2, we obtain the points shown
in Figures 11.3 and 11.5; in Figures 10.3 and 10.4, the points
shown in Figures 11.5 and 11.6.

In the icosahedron of Figure 11.3, we compute the distance
between

((0707_17([)_1)7 ((P7_(p_17071)

thus:

Vor+1+(1-9 12 =(¢—-12+1+(2— )
= V22— 60 +6 =8 —4dp =201
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Figure 11.2: Icosahedron from octahedron
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11 The regular 600-cell

(9,0,0,9)
<(p7 _@_1707 1)

1 R - . (@’071’_@71)
((pa(pi 707_]-> TR

((pa 07 07 _(p>
Figure 11.3: Icosahedron from Figure 10.1

This is also the distance of any vertex of the icosahedron from
(2,0,0,0), that distance being

V-2 +1+02

Likewise, (1,1,1,1) is at this distance from each of the vertices
of the icosahedron in Figure 11.5.

Together, the points A + b+ ¢’ are the vertices of 24 icosa-
hedra, one for each cell of the 24-cell. There is an icosahedron
for each of the 8 points 2a, and for each of the 16 points
a+b-+c+d; and each icosahedron yields 20 tetrahedra. Thus
we have 480 cells so far.
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A+D

Figure 11.4: Icosahedron from Figure 10.2

Moreover, in dividing the sides of the 24-cell, we are effec-
tively distorting each vertex figure, which was a cube origi-
nally, into five tetrahedra, as in Figure 11.7. This gives us 120
new tetrahedral cells, for a total of 600. The vertex figure is
the icosahedron, {3,5}. Our polychoron, the 600-cell, is thus
{3,3,5}.
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11 The regular 600-cell

/. ((p707 (‘p70)
(Lo ¢,0)

(0, 9,9,0)

Figure 11.5: Icosahedron from Figure 10.3
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A+ D

B+C

Figure 11.6: Icosahedron from Figure 10.4

53



11 The regular 600-cell

B—-c+ad

Figure 11.7: Distorted vertex figure for A + B

o4



12 T he regular 120-cell

We obtain {5,3,3} by taking, as vertices, the centers of the
cells of the 600-cell. We find those centers now.

1.

a)

With bases in the icosahedra of Figure 11.4,
with 8 choices for a, then 6 for b, then 2 for d, there are
96 cells with vertices of the form

A+b+cd, A+b-c, A+d+Vb, 2a,

having center, scaled by 4¢ 2,

©*a + b+ @ 2d;

with 8 choices for a, then 8 for {b, ¢, d}, there are 64 cells
with vertices of the form

A+b+cd, A+ec+d, A+d+b, 2a,
having center, scaled by 4¢ 2,
o’a+ @ b+ o let+ o 'd.

. With bases in the icosahedra of Figure 11.6,

with 8 choices for a, then 6 for b, then 4 for {c, d}, there
are 192 cells with vertices of the form

A+b+cd, B+a+d, A+d+Vb, a+b+c+d,
having center, scaled by 4¢ 2,
2a + @b+ @ 'c+d;
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12 The regular 120-cell

b)

with 8 choices for a, then 8 choices for {b,c,d}, there
are 64 cells with vertices of the form

A+b+cd, A+c+d, A+d+?b, a+b+cec+d,
having center, scaled by 4¢ 2,
J5a+b+c+d;

with 8 choices for d, then 8 choices for {b, ¢, d}, there are
64 tetrahedra with vertices of the form

A+b+cd, B+c+a, C+a+b, at+tb+c+d,
having center, scaled by 4¢ 2,
pa+ @b+ @c+ ¢ ?d.

In Figure 11.7,
with 24 choices for {a, b}, there are 24 tetrahedra with
vertices of the form

A+b+cd, A+b—-c, B+a+d, B+a-d,
having center, scaled by 4¢ 2,
2a + 2b;

with 8 choices for a, then 6 for b, then 2 for d, there are
96 tetrahedra with vertices of the form

A+b+cd, A+b—-c, A+d+b, B+a+d,
having center, scaled by 4¢ 2,
V5a + ob+ ¢ 'd.

The number of centers is thus

96 + 64 + 192 + 64 + 64 + 24 + 96,

or 600.
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13 Higher dimensions

The list of regular 4-polytopes restricts the possibilities for
regular 5-polytopes to

{3,3,3,3},
{4,3,3,3}, {3,3,3,4},
{5,3,3,3}, {3,3,3,5},

{4,3,3,4},
{5,3,3,4}, {4,3,3,5},

{5,3,3,5},
{3,3,4,3}, {3,4,3,3}.

Schlafli’s criterion is

so that, in particular,

, T A, sin®(n/py) sin?(7t/p3) — cos?(1t/ps)
cos’ — < — = — 5 :
e Ay sin®(7/p1) — cos?(7t/p2)

The possibilities are in Table 13.1. The only possibilities are
the ones we know,

{3,3,3,3}, {4,3,3,3}, {3,3,3,4}.
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13 Higher dimensions

Table 13.1: Schléfli’s criterion for regular 5-polytopes

sin?(7t/p; ) sin?(7t/ps3) — cos?(7t/ps)
sin?(7t/p1) — cos?(mt/ps)

(3,3,3) (3/4)(3/4) —1/4

(ps, p2, 1)

3/4—1/4 5/8

Gy WY 21>/(§/_4>1/_41/ - 1/2
((5—+/5)/8)(3/4) —1/4

(3,3,5) (5—v/5)/8— 3/4 <0

(3,4,3) (3/4)(3/4) —1/2 14

3/4—1/2

The higher-dimensional regular polytopes are therefore only
the ones we know.

Meanwhile, for a neater expression of Schéfli’s criterion for
regular 5-polytopes, we compute

T e T e T T
A5 = sin® — sin® — — cos? — — (sm2 — — cos? —) cos? —

p1 D3 P2 P1 P2 Pa
N 7T T T T
= gin® — (sm2 — — cos —) — cos? —gin® —
4! p3 Da D2 2
N L, T T T 7T
= sin® — (sm2 — — cos? —) cos? — sin? —
4! P4 b3 D2 P4
7T Tt L5 T 7T Tt 7T
= sin? — sin? — — sin? — cos® — — cos® — sin? —
p1 Pa P1 P3 D2 P4
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so that the criterion is

cos®(7t/ps3)

cos® (71/ps)

sin®(7t/ps)

sin® (7t/p1)

< 1.
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14 Sources

My main source has been Coxeter:
e Chapter 22, “Four-dimensional geometry,” of Introduc-
tion to Geometry |5, pp. 397-414];
e Chapter VII, “Ordinary Polytopes in Higher Space,” of
Regular Polytopes.
Originally, of the latter, I had the third edition [4]. According
to the brief unsigned review in Mathematical Reviews, com-
pared to the second edition, the third edition

embodies more than 20 small improvements, the bibliogra-
phy has been brought up to date, and the author has added
a number of comments in the new preface.

As for the second edition [3], according to the review by G. de
B. Robinson,

The author has inserted a new definition of a polytope at
the end of the last chapter [presumably Chapter XIV, “Star
Polytopes,”| but has omitted any reference to Barlow’s work
though he is quoted twice in the next. This reviewer would
like to have seen some reference made to Weyl’s beautiful
book on symmetry . . .

Now I have only the first edition, from which I take the fol-
lowing;:

Practically all the ideas in this chapter . . . are due to
Schlafli, who discovered them before 1853—a time when
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Cayley, Grassmann, and Mobius were the only other peo-
ple who had ever conceived the possibility of geometry in
more than three dimensions.

... Ludwig Schlafli was born in Grasswyl, Switzerland, in
1814. In his youth he studied science and theology at Berne,
but received no adequate instruction in mathematics . . .

Coxeter goes on to suggest a belief in phrenology or physiog-
nomy, saying of Schlafli |2, pp. 141—2],

His portrait shows the high forehead and keen features of a
great thinker.

Other sources that I have looked at are:

e Stillwell, “The story of the 120-cell,” for history and the
associated group theory [7];

e Comes, “Regular polytopes,” as a classification using an-
gles (and a fair amount of geometric intuition, it would
seem) [1];

e Wikipedia.
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