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Model theory (I suggest) is mathematics done self-consciously—with
awareness of mathematics as an activity. Part of the activity is sym-
bolizing it.

Marcja & Toffalori (2003) “The study of the truth relation between
structures and sentences is just Model Theory, at least according
to the feeling in the fifties” [14, p. §|.

Chang & Keisler (1973/1990)
“Universal algebra + logic = model theory” [1, p. 1].
Wilfrid Hodges Model theory is

(1993) “the study of the construction and classification of struc-
tures within specified classes of structures” [g, p. ix];

(1997) “algebraic geometry minus fields” [10, p. vii];

(2001 /2020) “the study of the interpretation of any language, for-
mal or natural, by means of set-theoretic structures, with Al-
fred Tarski’s truth definition as a paradigm” [11].



Carol Wood (1998) “Geometry with a Twist” [22]:

In his recent book on model theory, Wilfrid Hodges describes a current
view of model theory via the slogan, “model theory is algebraic geometry
minus fields.” What then is meant by the model theory of fields? . . .

. model theory is that branch of logic concerned principally with se-
mantics; its fundamental arena of study is the class of abstract structures
and definable sets within these structures, and its most typical language
is that of first order logic. The abstraction serves as alens through which

one can understand various parts of mathematics.

It is my impression . . . that non-logicians think of logic in terms of set
theory . . .

Recent developments in model theory of fields suggest that the effort
required in excising the model theory wherever possible may be greater
than learning the model theory involved . . .

Note: I thank Concha Gomez for pointing out the paradoxr when one
combines Hodges’ slogan and our program’s name!



Lou van den Dries (1998) “Model theory of fields” [20]:

In model theory we associate to a structure 9 invariants like Th(9) of
a logical-combinatorial nature . . .

Ezample. Th(C as ring) is axiomatized by . . .

Counterezample (Godel). Th(Z as ring) cannot be effectively described
in any reasonable way. (But Z as ordered additive group is tamel) . . .

But: despite Goédel, mathematical problems, even in apparently “non-
tame” subjects like number theory, do get solved, often by ingenious
moves into tame territory! Thus the relevance of

‘ model theory ~ tame mathematics ‘

Ezample. The field Q of rational numbers is not tame (Julia Robinson),
but its completions R, Q2, Q3, Qs, ... are all tame (Tarski, Ax, Kochen,
Ersov). (It is not known if the field F,((¢)) is tame.)

~ is read as “has something to do with” or “is part of” or “is some kind
of metamathematics of.”



Anand Pillay (2021) “Model theory and groups” [17]:

Model theory studies first order theories T', often complete.

e The study of specific first order theories, such as set theory, or
differentially closed fields, can be identified with “applications” of
model theory, whereas

e the study of broad classes of first order theories (such as all theo-
ries, or stable theories) is what is often considered as “pure” model
theory.

There are various invariants of a first order theory T'.

e One is the category Mod(T) of models of T' (where the morphisms
are elementary embeddings) . . .

e Another invariant is Def(T"), the category of definable sets . . .



David Marker (2008) “Mathematical logic is the study of formal lan-
guages that are used to describe mathematical structures and what
these can tell us about the structures themselves” [15].

That’s from the Princeton Companion to Mathematics [6], Part IV, which
covers the following “Branches of Mathematics”: (1) Algebraic Numbers;
(2) Analytic Number Theory; (3) Computational Number Theory; (4) Al-
gebraic Geometry; (5) Arithmetic Geometry; (6) Algebraic Topology;
(7) Differential Topology; (8) Moduli Spaces; (9) Representation Theory;
(10) Geometric and Combinatorial Group Theory; (11) Harmonic Anal-
ysis; (12) Partial Differential Equations; (13) General Relativity and the
Einstein Equations; (14) Dynamics; (15) Operator Algebras; (16) Mirror
Symmetry; (17) Vertex Operator Algebras; (18) Enumerative and Al-
gebraic Combinatorics; (19) Extremal and Probabilistic Combinatorics;
(20) Computational Complexity; (21) Numerical Analysis; (22) Set The-
ory; (23) Logic and Model Theory; (24) Stochastic Processes; (25) Proba-
bilistic Models of Critical Phenomena; (26) High-Dimensional Geometry
and Its Probabilistic Analogues.




We pass to model theory in action, of action. Let

° be a set of “functions,”

. be a set of “points,”
° be a function from F' x P to P.

A structure (F, P, ®) is a group action if, each ®(«,b) written as b,

1) all functions have inverses: VEInVz (Enz=2An€z=2);
2) any two functions have a composite: VEVN AV Ena = (a;
3) there is an identity: VY Ey=y.

These are sentences of the first-order logic in the signature {F, P, ®}.
They axiomatize a theory, , of group actions. Axiomatizing a sub-
theory , of actions, are the conditions

4) all functions are surjective: VEVYy Az £z =y

5) all functions are injective: VEV2YZ (Ez2=¢62 = 2=2").



A structure assigns, to each symbol in its signature, an interpretation.

The structure being 2; the symbol, S; the interpretation can be .
The signature being {F, P, ®},

o F% and P* are sets;

o ¥ F% x p% 5 pA,
We can then write 2 as (F?, P*, &%) or just (F, P, ®).
F and P are sorts. With a unique sort, 2 could be (4, Sp®, S1%,...).
Given a signature, we recursively define

e formulas, using, additionally, VV, =, 3, and variables for each sort—
symbols A, =, <, V are used in abbreviations;

e the truth value (true or false) of formulas in a given structure under
a given assignment of values, each from the right sort, to the free
variables; this needs the derivation of a formula to be unique.
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Calling himself Phaedrus, Robert Pirsig (1974) describes political acts
that affected the activity of his university in Montana [18, ch. 13]:

e Professors were told that all public statements must be cleared
through the college public-relations office before they could be
made.

e . .. the legislature had passed a law fining the college $8000 for
every student who failed . . .

e The newly elected governor was trying to fire the college president
for both personal and political reasons . . .

e ... funds to the college were being cut. The college president had
passed on an unusually large part of the cut to the English de-
partment, of which Phaedrus was a member, and whose members
had been quite vocal on issues of academic freedom.

Phaedrus . . . was exchanging letters with the Northwest Regional Ac-
crediting Association to see if they could help prevent these violations
of accreditation requirements . . .
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A student opposed Pirsig, asking
if . . . he was trying to prevent them from getting an education.
Another student

said angrily that the legislature would prevent the school from losing
its accreditation . . . they would post police to prevent it.

Pirsig lectured next day in response:

The real University is a state of mind. It is that great heritage of ratio-
nal thought that has been brought down to us through the centuries . . .

In addition to this state of mind, “reason,” there’s a legal entity which
is unfortunately called by the same name but which is quite another
thing . . .

Confusion continually occurs in people who fail to see this difference . . .
They see professors as employees of the second university who should
abandon reason when told to and take orders with no backtalk, the
same way employees do in other corporations.
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Back to model theory. A formula with no free variables is a sentence.
The structures in which a set I" of sentences are true are the models of
T'; let them compose | Mod(T") | This reverses inclusions:

I'CA implies Mod(l') D Mod(A).

Some sentences ¢ can be formally proved from I'; write then . The
set {o: ' o} is the theory axiomatized by I. Then

Mod({c: T't ¢}) = Mod(T").

A theory containing —o for every o not in it is complete. For example,
writing

e for “o is true in 2,7 ,

o for {o: AE o}, | Th(A) | (“the theory of A”),

we have that Th(2() is always a complete theory.
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Of any theory T' (such as our GA or A), we may ask:
e What are its completions U?
e For which U is Mod(U) the most tractable?

If T is field theory, then the “best” U are the theories ACF,, of algebraically
fields of characteristic p, where (p) is a prime ideal of Z.

The =-class of a model K of ACF,, is determined by tr-deg(K).

Thus Mod(ACF,)/= is a chain or tower.

Such a neat result is rare.

We give some details on formulas and their interpretations in structures.
1. Terms (such as polynomials in field theory) encode operations.

2. Terms are combined into atomic formulas (such as polynomial equa-
tions), which have solution sets.

3. On such sets, the results of operations such as N, U, \, and coor-
dinate projection are encoded in arbitrary first-order formulas.
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In our logic of {F, P, ®},

e An F-term is one of the variables

e The P-terms are given recursively:

— each of the variables is a P-term;

— if ¢ is an F-term; ¢, a P-term; then is a P-term.

Thus (nz is a P-term—but {7 is not an F-term. An equation
ery 2 o

of F-terms or P-terms is an atomic formula. This has, in ev

the signature, a solution set, | (to = t1)® |, comprising certain tuples with

an entry for each variable. Operations on solution sets are encoded in
first-order formulas, recursively:

(eV)r =" Uy, () = (p%)°,  Gro)* =m[pY],

7, being the projection deleting the r-entry (r standing for a variable).
For sentences o (such as 3¢ ¢), o is @ or {@}, and

Ao (iff P*#2) if ¥ +#2.
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A class Mod(T') is called elementary; it is (\{Mod({c}): ¢ € I'}. For
every class K of structures, we define

({Th(2): A € K} = Th(K).
This too reverses inclusion: K C L implies Th(K) 2 Th(L). Also
{o:TF o} C Th(Mod(I")).

Godel Completeness (1930) The reverse inclusion holds [4], so there is
a Galois correspondence between theories and elementary classes.

Compactness Proofs being finite, if I' has no models, some finite subset
must not. Thus, since

Mod({c}) UMod({r}) = Mod({c V 7}),

these are the basic closed classes in a compact topology on Mod(2).
Presburger (1929) Th(N, +) can be axiomatized [19].

Godel Incompleteness (1931) Th(N, +, x) cannot be axiomatized [5].
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Ultraproducts (to$ 1955) Each K; being a field, let [[(K;: ¢ € I) have
prime ideal 3. Now define

{tictia#0y (@iiene][(Kiien} =

its elements are “small” subsets of I. Then for all o with parameters,
(ai:i € I)Ki being aj,

(H(Ki:iel))/mi:a iff {iel:K;F-o}ecp.

Proof. With {i € I: K; F —o} = ||o||, by induction:

1. It’s true when o is atomic, that is, a polynomial equation.

2. ||moll =T~ |lo|l, and X € piff I X & p.
3. lov | =] N7, and X NY € p iff one of X and Y is in p.
4. |3z o(@)]| = |le(a)|l, where K; E o(a;) iff K; F 3z ¢(z). O

17



The proof of Los’s Theorem works for structures in any signature and
yields the following

Proof of Compactness. Let the finite subsets of I' compose I, and for each
1 in I, suppose
A E .
Writing, for each j in I,
{iel:jZi}t =1,
we have
{iel: 2 ¢ Mod(j)} €[], U1V Ikl =[G UK.

so the [j] generate a proper ideal of Z(I), included in a prime ideal p,
and when we let

(ai:iEI)N(bi:iEI) iff {iEIZai#bi}Ep,

(H(mi:iel)>/~i=r. 0

by Los we have
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Our formulas are first-order because

e the variables stand for individuals, not sets of them;

e only finitely many atomic formulas occur in any formula.
Non-standard analysis uses that

e Th(R) is Th(RY/9) (the first-order theories are the same);

e R is complete as an ordered field, but not RY /B, because it has
nonzero infinitesimals (if 3 is non-principal).

Because the spaces of their models are not compact, the following condi-
tions are not first-order:

e Being inductive: VX (1€ X AVy (ye X =y € X) = Vyy € X).
e Being finite: VneN (Elxo <o Jr, o Yy \/i<n Y= .131)

e Being a simple group (since there are arbitrarily large finite abelian
simple groups, namely the Z/pZ, but no infinite ones).
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The algebraically closed fields are the existentially closed models of the
theory of fields; for, they have a solution to each finite system of equations
and inequations that is soluble in some larger field.

The existentially closed models of A are those of A*, axiomatized by the
following sentences (the more formal versions are on the next slide):

1. The axioms of A.
2. There are at least two distinct points.
3. For every proper number n (so n > 2),

a) for every set of n points, there are n! functions serving as the
full symmetry group;

b) every set of n! functions serves (in every way) as the full sym-
metry group of some set of n points.

Because also the axioms of A are V3, which means the union of a chain
of models is a model, therefore A* is the model-companion of A.

20



Formally, the axioms of A* are:
VEVY Az £z =,
VEVYVz (y=E§z=y=2),
Jx Iy x £y,

} axioms of A

and, n being at least 2, | ¢, (&, ) being /\ /\ §o Ti = To(iy |,

0€ES, i<n

v 3¢ ( N @i # ;»son(s,:m),

i<j<n

V¢ dx < /\ fa#frisﬂn(&w)/\%#m).

oFT
{UvT}gSn
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A* is the model-companion of A and of GA, because:
e Every model of A embeds in a model of A*.
e Every model (F, P) of A* embeds in the model (Sym(P), P) of GA.

e Every model of A* is existentially closed—A* is model-complete—
because in models of A*, for example,

¢ (Czo =yo ACz1 =y1) & (T0 =71 & Yo = Y1),
Fz(boz=yoANé&rz=y1) e & Ty =6y,

and in general there is full elimination of quantifiers in the theory
in (F, P,®,¥) whose axioms are those of A*, along with

VEVY Yz (Ey=zoy=£"2),
a~1b standing for ¥(a,b), where ¥: F x P — P.

Moreover | A* is complete |, because there are no quantifier-free sentences.

The quantifier elimination yields that A* is the model-completion of A.
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e ACF, though not complete, is the model-completion of Th(fields);

e Th(C/Q%#), though complete, is not model-complete, because the
existentially closed models L/K have tr-deg(L/K) = 1.

Ty = Th(substructures of models of T'),
When . . . , then
diag(2) = Th(structures in which 2 embeds)
e T is axiomatized by the universal sentences in T

o diag(?l) is axiomatized by the atomic and negated atomic sentences
(with parameters) true in 2I.

Say Uy = Ty. If T' U diag(2l) axiomatizes a complete theory whenever
e A F T, then T is model-complete and the model-companion of U;
e AEU,and U C T, then T is the model-completion of U;

e A F Ty, then T admits quantifier elimination.
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Letting w be {0} UN, letting (i, ) — a} embed w x w in w (for example,
a’ = (i+ j)* + i), form the array

£0=a) €0=a) €0=da) £0=2a}
§1=a(1) flza% flza% flzaé
E2-a} ¢2-af €2-d} €2-df

of formulas of {F, P,®} with P-parameters from w. In a model of A*
with w C P, a system of

e two equations from the same row of the array is insoluble;
e any number of equations from different rows is soluble.

Therefore A* has TPy (“tree property of the second kind”). That’s bad.
At least A* is also NSOP; (“not the strong order property of the first
kind”):
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A complete theory has SOP; if there is a tree

90(1:’ a’@)
— ~—
o(x, a)) o(x, ag))
S AN S AN

@(waa(o,o)) @(waa(o,l)) Sﬁ(w»a(l,o)) Sﬁ(w»a(l,l))

CNCIN N D

P a000) (. a,11)

for some formula ¢(x,y) and binary tree (a,: <“2) of parameters from
a model, such that a system of

e two formulas from different branches is insoluble (at least if the first
difference in their indices is in the last entry of one),

e any number of formulas from a branch is soluble.

A* hasn’t got SOP;. How does one show that?
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Chernikov and Ramsey [2| show that a theory’s not having SOP; is im-
plied by having a ternary relation | with certain properties on sets of
parameters from a model.

e In an algebraically closed field, the relation is algebraic indepen-
dence. If A, B, and C are subsets, the last two generating K and
L,

Al C iff /\  tr-deg(L(X)/L) = tr-deg(K (X)/K).
B XePy,(A)

e In a separably closed field K of characteristic 2 satisfying
Vo Iz Jzg & = 302 + 1;1213,
each a in K determines a binary tree (a,: 0 € <*2), where

_ 2 2
(go,....0n) = WU(og,...0n-1,0) T A(og,....0n_1,1) b,

and then we replace (X) above with ({z,: 2 € X Ao € <®2}).
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e In a model (F, P, ®) of A*, (B, R) J/(A Q)(C, S) means (B, R) and
(C,S) have nothing in common that is not already in (4,Q). In
detail:

1. A subset A of F' generates, of Sym(P), the subgroup (A).
2. An element p of P has, under (A), the orbit (p)a.

5 16Q C P, then U{(a)a: 2 € Q) = (Qc

4. FACBNCin Fand @ C RN S in P, we define

. BNC = A,
(B’R)&)(C’S) . {<R>Bm<s>c=<Q>A.

The properties of | enjoyed by the examples and sufficient for NSOP;
are called (1) strong finite character, (2) existence over models, (3) mono-
tonicity, (4) symmetry, (5) independent amalgamation.
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UIf Persson (2021) “A conversation with Reuben Hersh” [16]:

UIf Persson ... What is true in mathematics is not up to our discretion,
certainly not as individuals.

Reuben Hersh But in practice truth is agreed on by a process of social
confirmation . . .

UP Sure. ..

RH So you agree, even when it comes to truth in mathematics it is a
matter of social convention.

UP But the remarkable thing is that this convention is so consensual . . .
I think that there is something beyond the practice of mathematics,
beyond the human fallible way of doing mathematics . . . if there
is a counter-example to a previously authorized theorem, that will
surely trump . . .

RH Absolutely right. Nevertheless . . . Mathematical Platonism is a
. .. fallacy. It arises from the unfounded idea that there must be
something to mathematics beyond the practice of mathematics.
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Is the following Platonism?

G. H. Hardy (1928) “Mathematical Proof,” Mind [8|:

(1) ..

(2)

. no philosophy can possibly be sympathetic to a mathematician

which does not admit . . . the immutable and unconditional validity

of mathematical truth . . .

When we know a mathematical theorem, there is something, some
object, which we know . . .

. . . the vast majority of mathematicians will rebel against the doc-
trine . . . that it is only the so-called ‘finite’ theorems of mathematics
which possess a real significance. That ‘the finite cannot understand
the infinite’ should surely be a theological and not a mathematical
war-cry.
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@ystein Linnebo (2009/2018) “Platonism in the Philosophy of Mathe-
matics,” The Stanford Encyclopedia of Philosophy [12]:

Mathematical platonism can be defined as the conjunction of the follow-
ing three theses:

Existence.

There are mathematical objects.
Abstractness.

Mathematical objects are abstract.
Independence.

Mathematical objects are independent of intelligent agents and
their language, thought, and practices.

. . . Abstractness says that every mathematical object is abstract, where
an object is said to be abstract just in case it is non-spatiotemporal and
(therefore) causally inefficacious.

Does truth not cause us to strive for it?
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Robert Pirsig (1974) on university as “Church of Reason” [18, ch. 13]:

The primary goal of the Church of Reason . . . is always Socrates’ old
goal of truth, in its ever-changing forms, as it’s revealed by the process
of rationality. Everything else is subordinate to that. Normally this goal
is in no conflict with the location goal of improving the citizenry, but
on occasion some conflict arises, as in the case of Socrates himself. It
arises when trustees and legislators who’ve contributed large amounts
of time and money to the location take points of view in opposition to
the professors’ lectures or public statements. They can then lean on the
administration by threatening to cut off funds if the professors don’t say
what they want to hear. That happens too.

True churchmen in such situations must act as though they had never
heard these threats. Their primary goal never is to serve the community
ahead of everything else. Their primary goal is to serve, through reason,
the goal of truth.

That was what he meant by the Church of Reason.
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There are “Replication crises” in science: “A massive 8-year effort finds
that much cancer research can’t be replicated” (Tara Haelle, Science
News, 2021 [7]).

Richard Feynman (1974) “Cargo Cult Science: Some remarks on sci-
ence, pseudoscience, and learning how to not fool yourself,” [3]:

In order to compare his heavy hydrogen results to what might happen
to light hydrogen he had to use data from someone else’s experiment on
light hydrogen, which was done on different apparatus . . . he couldn’t
get time on the program . . . to do the experiment with light hydrogen
on this apparatus because there wouldn’t be any new result. And so the
men in charge of programs at [National Accelerator Laboratory| are so
anxious for new results, in order to get more money to keep the thing
going for public relations purposes, they are destroying—possibly—the
value of the experiments themselves, which is the whole purpose of the
thing. It is often hard for the experimenters there to complete their work
as their scientific integrity demands.

There is a corresponding danger for mathematics.
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